We construct the deformed generators of Schrödinger symmetry consistent with noncommutative space. The examples of the free particle and the harmonic oscillator, both of which admit Schrödinger symmetry, are discussed in detail. The deformed generators are used to discuss the second central extension of the planar Galilei group.
The introduction of noncommuting relativistic coordinate spacetime,
for constant θ µν implies, among other things, a breakdown of Lorentz invariance. From an algebraic point of view, the Jacobi identity involving the angular momentum operator and the noncommuting coordinates is violated.
Recently it has been found by Wess [1] and collaborators [2, 3, 4] that, by appropriately deforming the classical Poincaré generators, consistency with (1) is achieved while preserving the original Poincaré algebra. In other words, a new representaion of the Poincaré algebra that is compatible with (1) has been obtained. But the coproduct rules are modified. Also, the modified coproduct rules agree with those found [5, 6] from another (quantumgroup theoretic) approach based of the application of twist functions [7] . The extension of these ideas to field theory and possible implications for Noether symmetry are discussed in [8, 9] . Very recently, the deformed Poincaré generators for a Lie algebraic θ (rather than a constant θ) have also been analysed [10] .
In this letter we consider the invariance of the Schrödinger group [11] (this contains, in addition to the centrally extended Galilei group, two conformal generators, namely dilatations and special conformal transformations or expansions) on nonrelativistic noncommutative space,
There are some good reasons for pursuing such an investigation. The question of this invariance is interesting in its own right. Also, the Schrödinger group is an entirely consistent group of spacetime transformations which in some respects has a more complex structure than the Poincaré group. Finally, the second central extension [12] of the Galilei group is not well understood and it would be worthwhile to see if this aspect can be illuminated from the deformations. In this letter we consider the free particle and the harmonic oscillator. Although both these models admit Schrödinger symmetry, the structure of generators is quite different. The deformed generators compatible with (2) are computed. These generators satisfy the standard Schrödinger algebra. Thus as happens for Poincaré symmetry, a new representation of the Schödinger algebra is found that is consistent with (2) . The implications for the second central extension of Galilei symmetry, found in two space dimensions, are discussed. Considered as a subgroup of the entire Schrödinger algebra, we find there is no second central extension. If, however, one confines to the pure Galilean sector, then this extension is admitted. We find there is a one-parameter class of deformed Galileo boosts that yields the second central extension. For the angular momentum operator and the boosts in two space dimensions, the deformations agree with the results quoted in the literature [12, 13] .
The n-dimensional Schrödinger algebra is given by augmenting the Galilean algebra involving rotations (J ij ), translations (P i ), Hamiltonian (H) and boosts (G i ) with the algebra of dilatations (D) and expansion or special conformal transformations (K). The relations are
where i, j, . . . = 1, 2, 3, . . . n, and the mass parameter M commutes with everything. The standard free-particle representaion of this algebra is given by
Using the (commutative-space) canonical brackets,
the algebra (3) is easily reproduced from (4). For noncommutative space, Eq. (2) has to be augmented by the algebra:
which conform to the usual form (5).
As is known from an analysis of Poincaré generators, the angular momentum operator in (4) is inconsistent with the noncommutative algebra (2) since the J -x-x Jacobi identity is violated if the undeformed transformation law is taken:
An appropriate deformation of the the transformation law is necessary to restore the Jacobi identity. It is simple to check that if [1, 4] 
then the J -x-x Jacobi identity is indeed satisfied. A representation for J ij that yields the above relation is given by [1, 4] 
Note that this deformed operator also satisfies the usual angular momentum algebra:
This is verified by using the basic commutators (2) and (6). It should be mentioned that a more general transformation law (8) involving coefficients λ 1 and λ 2 is possible [4] which is also compatible with (2). That would lead to a more general structure of the angular momentum operator (9) . However the choice (9) is singled out since it alone satisfies the standard closure of the angular momentum algebra as given in (10) .
We now obtain the deformation of the other generators. The linear momentum p i and Hamiltonian p 2 /2m retain their original forms, basically because the algebra of p i is identical to p i . For boosts (G) a deformation is necessary. Considering the minimal (i.e. least order in θ) deformation, we obtain the following structure:
where λ 1 and λ 2 are, as yet, undetermined coefficients. In order that the standard Galilean algebra involving the rotations, translations and boosts is retained we find λ 1 = 1/2, λ 2 = 0. Also, the consistency of (11) with (2) is easily established as the relevant Jacobi identity G-x-x is trivially satisfied. Proceeding in a similar manner deformed dilatations and expansions are obtained. Apart from (9) , the other deformed generators are given by
These deformed generators are all consistent with (2) and satisfy the usual Schrödinger algebra (3). Note that, for expansions ( K), the minimal deformation involves a term quadratic in θ.
We have thus obtained the cherished deformed Schrödinger symmetry for a free particle on noncommutative space exactly in analogue to the Poincaré symmetry on noncommutative spacetime. For θ = 0, the deformed generators (12) reduce to the undeformed ones given in (4) .
A more involved analysis is required for the harmonic oscillator problem which also carries a Schrödinger symmetry [14, 15] . The Hamiltonian of an n-dimensional oscillator is given by H = p 2 /2m + mω 2 x 2 /2. The classical trajectories are x(t) = A cos ωt + (1/mω)B sin ωt. In terms of the parameters A and B, A = x cos ωt − p mω sin ωt,
the components of the moment map (generators) are given by
Now we compute the deformed versions of these operators. The angular momentum is of course just given by (9) . For the other operators we observe that they appear as certain combinations of A and B. Hence proper deformations of these operators should be sufficient. The canonical algebra,
is preserved by the deformations
Consequently the deformed generators are given by
All these are consistent with (2) and satisfy the Schrödinger algebra (3). The basic commutators (2) and (6) are needed to check this algebra. In the ω → 0 limit the harmonic oscillator goes over to the free particle. It is easy to verify that, in this limit, the deformed generators (17) reduce to those found in (12) for the free-particle case.
It has been known for a long time that the Galilei group in (2 + 1) dimensions admits a two-parameter central extension [12] . One of these is the mass m which is present in all dimensions. The other is somewhat exotic and confined specifically to two space dimensions. It corresponds to spin which can be any real number [13, 16, 17] .
In our analysis of deformed generators, the Galileo boosts satisfy the usual algebra without any central extension. For two space dimensions, however, there are some simplifications that lead to the second central extension. In this case the general structure for G i follows from (11) as
where we put θ ij = θε ij and λ 2 = 0. The angular momentum follows from (9) as
It follows, for any λ, that
Likewise the other brackets of the Galilean algebra are also satisfied. The commutator of two boosts yields
Expectedly for λ = 1/2 (when (18) reduces to the corresponding expression in (12)) there is no central extension. For other values of λ, the central extension occurs. It is useful to point out that if dilatations are included then the algebra is no longer preserved since
and only λ = 1/2 is allowed. In that case there is no central extension in (21). Thus the second central extension is a very peculiar feature admitted only in the pure Galilean sector in two space dimensions. Our expressions for J in (19) and for the boosts (18) (with λ = 1) agree with those found by other means in [12, 13] .
To conclude, the deformed Schrödinger operators on noncommutative space have been obtained. These operators preserve the standard Schrödinger algebra. For vanishing θ ij , the undeformed operators are reproduced from the deformed ones. The deformed generators (boosts) clarify the occurence of the second central extension of the planar Galilei group.
